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Small signal theory of an ExB drifting electron laser
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The concept of the drifting electron las@EL), powered by a relativistic beam &xB drifting electrons
in crossed electric and magnetic fields, is introduced. The wiggling motion is generated by adding a periodic
modulation in eitheE or B. In contrast to free electron laséiELs) converting kinetic energy and momentum
into radiation, the emitted radiation energy and momentum in a DEL come respectively from the change in the
electrostatic energg E;6X and vector potentiaéBy6X of the electron,6X being the quantum recoil of the
guiding center(GC) location perpendicular to the drift direction. The difference between stimulated emission
and absorption responsible for the gain is provided by the transverse gradient of the wiggler strength, and the
gain curve issymmetricrelative to the frequency detuningw. Since the drift velocity and the resonance
condition are energy independent, one avoids the low efficiency limits placed on FELs from energy detuning
and thermal spreads. Beam energy spreads turn into spreads in the GC location, reducing the gain sensitivity
to the beam quality. Saturation in a DEL occurs via the off-axis walk of the emitting electrons. Overlap
between the beam and the radiation is maintained by a small tilt of the resonator axis relative xR luift
direction.[S1063-651X97)09502-0

PACS numbgs): 41.60—m, 42.55-f, 84.40.Ik., 84.40.Fe

[. INTRODUCTION cation transverse to the direction of propagation. Saturation
occurs via the off-axis walk of the emitting electrons. Over-
In a free electron lasdil—4] (FEL) a relativistic electron lap between the beam and the radiation is maintained by a
beam passing through a periodic magnetic figlthgler) of small tilt of the resonator axis relative to texB drift di-
wavelengthi,, emits radiation with wave numbdg; that is ~ rection. _ _ o
doubly relativistically upshifted relative to the wiggler,  This paper studies the small signal DEL gain, ignoring the
k,=2v2k,, wherek,=2m/\,,. The emitted radiation en- Self-field effects from the rippled electron beam, but includ-
ergy and momentum come from the beam kinetic energy anthd the effect of the unperturbed beam space charge. We
momentum. Since the wave-particle resonance condition déidopt the quantum mechanical approach that gives a descrip-
pends on the beam energy, the detuning resulting from thtion of the interaction process on the fundamental level and
energy exchange places a limit on the electronic efficiencys better suited to_ bring out S|m|Ia_r|t|es and dn‘ferences Wlth
7=Ayly,=2N,,. Given that the number of wiggler periods FELS. A companion papdi5] studies the large signal gain
N,, must be large on grounds of per-pass gain, the inherernd the saturation efficiency following the classical relativ-
FEL efficiency is limited to a few percefit—3]. The sensi- istic description of the resonant Hamiltonian. It is shown
tivity of the wave-particle resonance on energy also place§rere that no inherent gain limitation is placed by the inter-
stringent limits on the FEL tolerance to beam thermal@ction physics itself; the only efficiency limitation is techno-
spreads y— o) vo<Ay/y,=3N,,. Though the efficiency can logical and is determlrjed by the maximum pot(_entlal gradient
be improved by tapering the wiggler parameters, the sensFo that can be sustained across the interaction space. The
tivity to energy spreads cannot. DEL operation exhibits much higher efficiency and lower
In the drifting electron laseXDEL) introduced in the Sensitivity to beam quality than a FEL. _
present paper, stimulated emission is produced by passing Schematic illustrations of the DEL concept are shown in
through a wiggler a beam of electrons undergoing a relativi-igs. 4a) and 2b), respectively, employing modulation in
istic EXB drift in orthogonal static electric and magnetic €ither the magnetic or the electric field,
fields. The undulation is provided by adding a periodic oo A
modulation in eitheB or E (Fig. 1). Though the relativistic B=Boy— B[ coshtk,x)cogkyz)X

frequency upshifting is the same as in a FEL, the drifting +sinh(kX)sin(ky,2)z], E=EX, (13
electron laser is different in a number of important aspects.

The emitted radiation energy and momentum come, respec- B=Boy, E=Eyx+E,[sinhk,x)sin(k,z)X

tively, from the change in the electrostatic eneml,sX

and vector potentiabB,5X of the electron,5X being the + coslk,x)cogk,z)7], (1b)

recoil of the guiding cente(GC) location perpendicular to

the drift direction. Since the resonance condition depends owhere the periodic terms are derived from the potentials
the average electron drift velocity=cEy/Bg, which is in-

dependent of the potential energy, no detuning results from  By=VXA,, A,=k,'Bycostk,x)sin(k,2)y, (2a
the energy loss during the interaction. Also, energy spreads

in the injected beam have no direct effect on the wave- E,=—-Vo®,, <I>W=—km’,lEWcosr(ka)sin(sz).
particle synchronism; they appear as a spread in the GC lo- (2b)
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For reasons that will be explained soon the wiggler strengtlthe basic theory is two-dimensional; the basic FEL descrip-
must vary in thex direction, along the uniform stati€,. The  tion requires only one dimension.
interaction Hamiltonians for arrangemer® and (b), re- The merits of DEL operation, compared to a FEL of simi-
spectively, are lar operating parameters, a@ higher small signal gain, for
given beam energy, by a factar; (b) much higher elec-
_ \/ 24, 2 tronic efficiency that is not limited by the wiggler length
H=/m°c"+c —e®o, (38 (there is no inverse gain-efficiency relation as in a FHE)
much smaller sensitivity to thermal beam spreads, indepen-
2 dent of wiggler strength or radiation powed) prolonging
H= \/m204+ c? —edy+ed,, the wave-particle resonanéee., “tapering”) is achieved by
merely tilting the radiation beam relative to the drifting
(3b) beam. A linear radiation focusin hanism is also intro-
. g mechanism Is also intro
where —e is the electron charge?=p—(e/c)A is the ca- duced by the signal gain. _
nonical momentum, Though the electrostatic wiggler approach is perhaps
easier to implement experimentally, here we will analyze the
Ag=B,xz, ®y(X)=Ex, 4) magnetic wiggler arrangement offering a more obvious simi-
larity with the FEL equations. The quantum approach is used
and the radiation is a plane wave with vector potential for better exposition of the underlying physics. The rest of
] . the analysis is divided into three parts. Section Il introduces
A, =Asin(kz— wt)y. (5 the unperturbed eigenfunctions of the relativisis B drift-
i i o ing electrons. Section Ill computes the stimulated emission
In the notation of Eq(4) the dc electric and magnetic fields o "ansorption probability. Section IV introduces the effect of
are negativeE,=—E, and I_30_= —B,, reSpeCt_'Vely' _ the unperturbed beam self-field on the transition probability.
On the quantum description level, the increase in thegecfion v/ combines the previously obtained results into the
number of radiation photons is determined by the difference | signal DEL gain. Section VI discusses the linear self-
between the stimulated emission and absorption probabiligye,sing effect caused by the dependence of the gain on the
ties. In a FEL these probabilities are centered at slightly dify 5nsyerse gradient of the radiation profile. Conclusions fol-
ferent frequencieso, and w,, respectively[4], due to the |, in sec. VII.
electron recoil(Compton effegt The difference between
stimulated absorption and emission then turns out to be pro-
portional to the derivative of the stimulated emission prob-
ability times the differencedo=w.— w,, yielding a gain
curve that isantisymmetricrelative to the frequency shift
from resonancd2—-4]. In a DEL, the photon emission or u
absorption process Wiy xB drifting electrons is “recoilless” @ 3 Vo
and both relevant probabilities peak at the same frequency.
The difference between the emission and absorption prob-
abilities, responsible for the gain, is provided mainly by the
transverse gradients of the wiggler strength, and, to a lesser
degree, from the transverse gradients in the radiation profile
and the beam self-field. The gain curvesisnmetriaelative
to frequency detuning. The gradient of the wiggler strength, ) Bo u T l Ew vod’;v — vy Vw
a nuisance in FEL operation, is fundamental for DEL. T:’ T T 2
The principle of the DEL operation is somewhat similar :
to magnetron operation where a slow wawkk<<c is excited
by EXB drifting electrons. The main difference is that in a
magnetron a drifting electron can emit a “slow wave” cavi-  FIG. 2. lllustration of the DEL concept witfe) magnetic and
ton without wiggler mediation. In both DEL and magnetrons (b) electrostatic wiggler.
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Il. DRIFTING ELECTRON EIGENSTATES Thus Eq.(9) is the quantum description of the cyclotron

. . . . o rotation about a GC drifting along. The classical Larmor
tweTeond(IaTg(l:JtSr f)r:asdtlz;atzc;noigItr;el?szrgrs]tIr(;ctj)ltjgi?\dt;]r:nusr?loerr]tsurbbee_r diusp, is related to the rms size of the wave function in the
EXB drifting electron eigenstates. Consider in'ectgd elec rection Yransverse to th&xB motion and is given by
trons that 3re re aredgas ei eﬁstates of theJ un erturbé TUEA=(U2m2%py). The wave function

e prep : 9 e unp nﬂ (x,z;t) for a drifting electron eigenstate with quantum
Hamiltonian A, =0 involving the only the static fields. Ne- 4 .

. . S . . __numbersn,q, is
glecting electron spin, the relativistic Klein-Gordon equation
is

J 2 (92 'pn,q(X:Z;t) = ¢n(x_ Xq)eiqzeii&/ﬁ: (12)
% — 4+ _ 2.4 2z2

(Ih&t ed)o)zp imc Cﬁ(?_Xz

where ¢, is given in terms of Hermite functions,

dn(r)=a Yexp(—r?a)H (r/\Ja), a=Al2mQ. Substi-
4 2 tuting Eq.(12) inside Eq.(9) and solving for the energy
—ih Qx| 4 (O yields

+ 1e?Aw?cosit(k,,X)

+¢?

where we have used=—iAV andH=i#%(J/dt) for the ca-
nonical momentum and energy operators, respectively. Be- ¢ —hqu+ i \/m2c4+2mcz(n+l)ﬁf2+ezﬁ.
cause of theg invariance, they momentum can always be set A Yu 2 v

to zero by proper shift of origin, which has resulted in (13
Pyp=—ihdyldy=0 inside Eq. (6). In addition, only

the z-averaged rms  wiggler strength A2(x) ) ) , .

= (1/2)A2cosK(k,x) is kept in the unperturbed motion, al- EXPressingj in terms ofX, from Eq. (11) gives the equiva-
lowing invariance along the drift direction Hencey is an lent energy definition

eigenfunction of the energy an#d-momentum operators,
Pp=0q.y, ih(dpl at) =Ed,

Eng= YuYL M —eEX,, (14)
(ﬂ(x,y,z,t)=e_i5t/heiqz¢(x), (7)
where from now oy stands forg, . It then follows that v = \/1+ 2(n+1/280/mc+ (eA,/mc®)?. (15
(?2
(E+eEx)?¢p=| mPc*—c?h? WerzCzszer c’h*q? The last term in the rhs of E¢14) is the potential energy at

the GC location. In the nonrelativistic limit thg,y, term
73 breaks into the sum of the GC drift kinetic ener@y2)mu?
—2mchqQx+e’Ay | ¢. (8  plus the cyclotron rotation energy¢ 3)4Q about the GC.
Substituting Eq(14) in the definition of the GQ11) yields
Defining the drift velocityu=cEy/By, the relativistic factor ~the conserved momentu,=#iq as the sum of the kine-
Yo= \/mz and the cyclotron frequency in the drifting mauc and the vector potential momentum of the GC loca-
frame Q=0/y, with Q=eB,/mc, Eq. (8) becomes after toN
term rearrangements

(62—02ﬁ2q2+mzczﬁzxg—ezA_ﬁ,Xq)gb P,=hq=7y,y,mu—mQX,. (16)

=|m?c*+c?

Eventually the energy and momentum have been expressed
o. 9 ) .
in terms of the vector potential and the ES potential at the
center of the wave functiofthe classical G plus the cy-
Above, we have s&d, (x)=A,,(X,) due to the small size of clotron rotation energy. Note that tzemomentum quantum
the wave function compared to the wiggler scale 1/kw. Thenumber q uniquely defines the GC locatioX, and vice
right-hand side(rhs) is the operator for the relativistic har- versa, henceforth the subscripgg)(is dropped fromX for
monic oscillator with energy spectrum simplicity.

@ .
_hZ W 4 mZQZrZ)

E=mlc*+2(n+ HAQ, (10)
IIl. INTERACTION WITH RADIATION
where the wave functiogy is expressed in terms of the dis-

tancer =x— X, from the GC locatiorX, defined by We now describe the interaction of the unbound electron

eigenstates with the cavity radiation field. Adopting the old

_ guantum treatment the cavity modes are given by the classic
X :w_ (11) solutions of Maxwell equations. The first order perturbed
a m?c2()? Hamiltonian is
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u
@ ) w, = 1+E Y2KkyU. (21b
TR
ﬂf}‘}kln;» a4
-, - o For u=c Eq. (21b yields o,=2vy?k,c, corresponding to
B By f LU the usual FEL operation range. Conservation of the total mo-
° T no yA mentum, using the relatiofil6) betweenzq and the GC
h location, requires that the electron GC recoil by
FIG. 3. Diagram for the elementary process of photon emission ,
or absorption. Instead of velocity recoil, a “parallel shifting” of the SX= A(q'—q) _ - A(kwt k) 22)
electron orbit in space byX=7%w,/eE, occurs. m{) mQ
1 mc ([eA,)? Rk The direction of this recoil is perpendicular to the direction
154 5.9, | \ma/ €3 (kwX) of the drift u and across the magnetic field. Substituting

f(q'—qg)=F%w/u from the energy conservation equation
- eAy| [ eA (20) into Eq. (22) yields
2ik,yz — || —
X[e +c.c.]+(mcz)(mcz)cosr(kwx)
Fho,=—mOQusX=—eE,6X=56(—edy). (23
X[ ik +kwz=iort 4 ik —kwz—iort 4 ¢ o]

. (17

The exchanged radiation energy equals the change in the
electrostatic energhp] of the electron GC. In a similar man-
ner the change in the radiation momentum equals the change
in the canonical momentum

The first term in _the right-hand side, coming from the differ-
enceA2(x,z)—AZ(x), is time independent and yields suc-
cessive scatterings of the drifting electrons off the wiggler
periodic potential; it is the quantum analog to the classical

nonlinear wiggling motion. The interaction of the fundamen- +hk,=06P,;=—m6X=d(eA,/c), (29)

tal wiggling motion with the radiation is given by the second

term; the plus sigtk, + k,, corresponds to upshifted radiation stemming from the GC displacement across the vector po-
frequency, the case of interest. The interaction Hamiltoniariential. Stimulated emission in cross&land B fields in-

for the stimulated emission is thus taken as volves changes in the electrostatic and vector potential only.
The kinematic energy and momentum remain invariant dur-
_ mc” K (K, ) 2 ot ing the transition.
H1_47uh ayarcoshtkyx)e +c.cl, Whether emitted radiation is amplified depends on the
(18 relative strength between absorption and emission probabili-
ties. According to Eqs(23) and (24) the centerX of the
where, as usuah,,=eA,/mc, a,=eA/mdc. wave functiong,(x— X) is shifted bysX==A with
The process of a photon emission or absorption is de-
picted in Fig. 3. The energy-momentum conservation yields o, ho,
[6] A=—= (29
eE, mQu
Fho=hu(qg'—q)=(n"—n)aQ/y,, (199

during emission or absorption. The per unit time change in
— _ r_ the probability amplitude.. (t) for emission or absorption is
fi(k,+ky) =% . 19b *
itk +ky) =A(q"—q) (190 written in terms ofr =x—X andr’=x—(X*A)=r¥*A as

The periodic wiggler introduces the factbk,, in the mo-

mentum balance, since in a periodic medium momentum is B _ [

conserved withirkk,, . It is the wiggler mediation that makes P== < Pn(r +A)‘ % Vacoshik(X+1)] ¢“(r)>

the photon emission possible; recall that an electron free 6o ATt

from external fields can only scatter a photon. The emitted X 8qr —qw (k +k, € maomalmETen, (26)

frequency, in general, depends on whether transitions be-

tween cyclotron states take place. We focus on transitiongnere V1=awarm02/4n y,. The right-hand side involves
between states of equal cyclotron energy=n, the overlap integral between initial and final states, shown in
Fig. 4 for the ground cyclotron state=0. Expressior{13) is
computed by expandingd,(r +A)=¢,(r)F (d¢,/dr)A
+--- and V,coshk,x)=V,coshk,X)+k,V;sinhk,X)
r+---, and expressing, d/dr as

Eng —éng=(Q' —Q)hu=Fto,. (20

From Eqgs.(19b) and(20) it follows that the emitted frequen-
cies are centered at

wr—U(ky k) =0. (219 A
"=Vamq @Ta) gz A= Vg (@a-a),
Thus (27)
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subject toZ,|c,|>=1. We take the widthd of the Gaussian

1 .2 N T T T T T TT Jev T

A A L much less than the *“ground state Larmor radius,”
10| s b, o sinh KX+ 1] d=¢(A/m|Q])Y2 with {<1, meaning that the thicknesisof
. ) : the electron layer is smaller than the quantum readitom
08 ] ] Eq. (12). An asymmetry is now introduced in the GC jumps
e ] between stimulated absorption and emission due to the dif-
o= 067 ference in the electric strengths above and below the beam,
0.4 ] - fo;
0.2 i t_—eEi ’ (31)
0~ . 2 P o 1 2 3 whereE, =E,* 270 andE,=3(E, +E_) is the field aiX.
r Because|A,|<|A_| a stronger overlapping between initial

and final states occurs during emission than absorption. Re-
FIG. 4. Wave functiongy(r) before(solid) and after(dashedl  peating the exercise of the previous paragraph yields an ex-
transition.r is in units of y2/2mQ. The broken line is the wiggler pression similar to Eq.28) with W(r) in lieu of ¢, andA.
strength profile in the vicinity oX (not to scalg instead ofA. Two remarks are in order. First, the beam field
modifies the oscillator eigenfunctions and eigenvalues. How-
a,a’ being the Heisenberg operators with the properies ever the corrections from using perturbeg and &, to con-
dn=\Npr_1, @' ¢pp=1n+1e,, 1. The total probability for ~ struct¥ are shown to disappear in the classical limit. Sec-
electron transition in the lowe(upped energy state after ond, the no-cyclotron-emission constraint =n during

time t, transitions leads t¢¥"|¥)=—(m/%%(¥|H|P) instead of the
momentum expectation value (1/42)(¥|P?¥). Computing
t 2 (V|H|W)=3[(A°/2md?) + mQ?d?/2] one obtains
W..(t)= fdt,pi(t,) )
0 2 2
1 |A,—A_ AL —A%
W+—W=—2|+—(A2)'++—
is found from Egs.(26) and (27) and the orthonormality h 2 2
amongd, , AV A2 m [ A%  mQ2d?
XA A Sz  om@ T T2

1 2 ” 2 — 2\ i
We=22 1 ATAA (bnlr?dn)+ (A%) A(ylr dn)

|

Sir{[ w, — (k, +ky,)u]t/2}

Sin[{w, — (K, + ky)U}t/2] X o (kKT
X<¢”'r2¢”>]} e S Lo ekl

A2 —AA"Y [ey*(n+3)?
+ 5 LAYX | o)+ 2% o) + AA'( 7 br) ’

(32)

In the low space charge limit,Ao|/E, <1, the first contri-

where A=V, coshik,X), ()=d/dX and we have omitted Dution from A, —A_=2/A|+O(c?/E7) is similar to that in
terms higher tham? rZ. The net emission probability Eq. (28). In addition, there is a finite contribution from the
quadratic GC recoil term,

1
W=W, ~W_=~ = 20 (A2)'(pl]r o) +O(A3) A2—A? K22 E,-E_

g
= =47A% —. 33
(29 2 ezEg E, E, (33

An interesting twist in the theory is that when the beam
width is much larger than the recoil sizd>A, the space
charge correction in the electron recoil distance inside the
beam is of higher order ii and the gain contribution from
IV. EFFECT OF THE BEAM FIELD A% —A? vanishes in the classical limit. Consider, for ex-

We have so far ignored the influence of the electrostati@mPle, & uniform GC distribution of density, with d>A

field from the charged electron layer. To take self-fields into(here the finite Larmor radius is irrelevant as long as it is
account consider a monolayer &xB drifting electrons smaller thand). Energy conservation during the transition

with GC located at X. Let the charge density (23 in the presence of the local beam seli-field
p(r)=—a|¥(r)|? be a Gaussian of total surface charge den-— € Vo= €EX—27€°n X" yields

sity —o. The system wave functiow is then a superposition m

of eigenstates of various's, Tho,=eE,A— > wﬁAz, (34)

is proportional to the GC displacement times the trans-
verse gradient of the wiggler strength.

1/2
W(r)= N e 2= ¢ 4 (r), (30) Wherewj=4me’n/m is the beam plasma frequency. The
Jrd n solution yields
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eE,/m—(eE,/m)2+ 2hw,w2/m resulting difference between stimulated emission and absorp-
A= > tion probability is of the order of the GC shift squargfiand
@p proportional to 1IJE_|?>—1/E. |?>>0.
ho Ko | Mol Implicit in the derivation of Eq(37) is the low gain ap-
SOl i (_b> ] (35) proximation when the wave amplitude does not vary signifi-
ek ek | ek cantly over the interaction length. The total radiation flux in

the cavity P is related to the radiation amplitude by

— 2p2 2 H H H
(33) and the corresponding contribution to the gain vanisheggaégi/:g)o(“t’{égl) b@ég\w[%’e\fl\i/r?iirem% |sé:1eavgst $|z(;}‘cF)’r a
in the classical limit. Space charge effects in case of a wide P ' 9 per pass g ’

beam enter through the shear in thgx B, velocity. Differ- and exPress'”% the surface charge density in terms of the
; . . .. beam currenb=1,/au one can cast the per-pass gain in a
ent beam layers drift at slightly different velocities

U(X)= U+ (@ Q) (X~ X;) whereX, is the beam center; CaVIty fed by a sheet curreiy as

The differenceA? —A2 is of order#® instead of4? in Eq.

the detuning effect from this variation comes into play when I ck. a2 1 1(1 oa2

the beam thickness exceeds the recoil distance. The detuning g= 2 — 2‘”2 5= (_2_ _W)

from resonance becomes a function of the GC location 200 Bu yiyi (Kewo)® [ 2 | &y, d(kyX)

X—X,. Summing up over the GC distribution X it turns SE 1 1/ kL\2

out (Appendix A) that the space-charge correction to the gain of @r = |[&E o) 38
> 0 162 (&), (39)

scales ago/E,)* whereo=en,d. Eo ) kwu 16|\ By

In conclusion, the space-charge contribution to the gain
depends on the field jump across the besg=4xo rather ~ Where B,=u/c, a,(X)=(eA,/mc’)coshk,X), l,=mc’/e
than the sheaE,/d, provided the beam thickness is much =17.06%A, the detuning parametef=Awl/2u=(Aw/
less than the wiggler wavelength,. For a microscopic @o)(k:L/2B,) and the line shape factor is
beam thicknessl<A the gain correction is proportional to _
(d/Ep); in general, it can be either positive or negat{gta- 0(&)= 5|_n2§ (39)
bilizing) depending on the sign oE,. For macroscopic &£
thicknessd>A the correction scales ae/Eo)2 and is always

negative(stabilizing. The gain profile©(¢) is symmetricrelative to the resonant
frequency wy=(k,+k,)u, contrasting the antisymmetric
V. PER-PASS GAIN FOR A SHEET BEAM FEL gain that goes ad0/d¢.

Formula (38) emphasizes the gain dependence on the
The radiated power per cavity pa8B, determined by the transversegradientsda,/d X and 5E <o relative to the wave
number of photons emitted after a cavity transit timel./u,  propagation direction, the emission process being fundamen-
is equal to the electron fluxo{e)ua, « being the width of  tally two dimensional. Gain results when the strengihs
the beam in they direction, times net emission probability, andE increase in the direction of the dc electric force. If the

times the emitted quanturw, , space-charge contributions are omitted, the gain is antisym-
metric relative to the beam placement from the midplane
oP;=(ale)ua[W, ~W_]Jlo,. (860 x=0. For the fields shown in Fig. 1 the force is positive

—eE,=eE, and gain results when the beam is injected
above the midplan&X=d>0; a negative gain of opposite
value occurs forX=—d. If the direction ofEy and By is
reversed the beam must be injected below the mid plane
X<0 whereda2/dX<0 is of the same sign with the force
—ekE, (the drift velocityu remains the sameln that case the
space charge contribution in E¢38) changes sign since
SEy=4m(— o) does not reverse withk,; a positron beam of
opposite charge density is required to yield exactly the same
sinh(k,, X)costik,X) gain under field inversion. This is the well know@P
(charge-parity symmetry of electrodynamics.
It should be pointed out that a microscopic beam thick-
i ness, of the order of the ground state Larmor radius
[Aw/2]? d=¢(A#/mQ)*2 cannot be resolved in the classical limit
(37) (macroscopit description. The classical analog in that case
is a beam of zero macroscopic thickneds\,=0, i.e., a
The first and second terms on the right-hand side of(&d.  &function density distribution. The treatment of magnetron
describe two effects that make the probability for stimulatedmode excitation by a sheet bedm], a somewhat similar
emission larger than stimulated absorption. First, the wiggleprocess involving slow waves/k<<c excitation by EXB
strength increases witk and thus favors transitions shifting drifting electrons, showed that the classical result for a zero-
the GC upwarda  >0. That corresponds to electrons falling thickness sheet beam agrees with the quantum result with
into lower potential energy staté(—ed,)=—-eE,A, <0 (=3
via radiation emission. Second, the discontinuity of the dc Figure 5 shows the gai® vs detuning parameted, ob-
field across the electron beam charge has a similar effect; tHained from Eq(38) over an interaction length of N,,=200

Substituting Egs(32) and(33) inside Eq.(36), usingd from
after Eq.(30), and taking the classical limfi—0 two con-
tributions remain in the gain: one independent of the cyclo
tron energyn, and one proportional to the classical Larmor
radius(p®)=(A/m|Q|)?2 |cl?(n+ 3)2. In the “cold” beam
case k*p?<1 one obtains, defining the detuning
Aw=w,— (k, +k,)U,

472 p2
kwa o  €ALA;

SP =t~ W
T8 emQ) m’ctyZy?

, Sif[Awt/2]

Wy

+ 2 2 T cost(kyX
E, kyu 422 OSTtkX)
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linewidth T" is determined by the inverse electron transit time

0-08 [T T o t through the cavity length., and the inverse cavity decay
time I'g=0/Q, ' *=(w/Q)~*+(u/L)*. Notice the ab-
I sence of thermal broadening due to velocity spreads. Since
0.06 the drift velocityu is determined by the field strengths at the

GC location X, any velocity spreads among electrons in-
jected at the same GC location must be distributed in their

0.04 I cyclotron rotation velocities. In quantum terms this translates

G as a spread over the oscillation quantum nunmhefq. (12).
The radiation gair{38) is independent ofi and thus of ther-
L mal spreads.
0.02

VI. INTERACTION BETWEEN THE RADIATION
ENVELOPE AND GAIN

So far a uniform radiation amplitude has been assumed
£ during the gain computation. Since the gain was shown to
depend on the transverse gradients of the wiggler strength
FIG. 5. Plot of gain vs detuning=(Aw/w,)(k,L/28,) for beam and the electric field, one would like t.o !nclude ;imilar ef-

currents of 10, 33, and 100 mA over 200 wiggler periods for nor-f€Cts caused by the variation of the radiation amplitude in the

malized wiggler strength,,=0.5. transverse direction. Repeating the gain computation with an
amplitude profile that varies along A,— A,U(x), one sim-

wiggler periods for different beam currents. The beam thick®ly replaces A in expressions (28) and (29) with

ness is taken to be half the ground level Larmor radius, setd= V1 coshk,X)U(X), yielding the final result

ting =3. The other parameters aag,=0.10,k,, =27 cm™ 2,

kyX=1, u/c=0.99, corresponding to a dc electric field _ Iy cky afv 1 1/1 &afv
Eo=297 kV/cm atB,=1000 G. The three gain curves corre- =~ 2|, 5,0 Y292 (k)2 2 gTW I(kyX)
spond to beam currentg equal to 10 mA, 33 mA, and 100
mA, respectively, yieldingo/E, ratios from 1.0X10°° to OEg| o, 1 1/1 ﬁarz k.L 2
1.02<10 °. The natural half-width of the excited spectrum is + ‘Ep | kyu 1672 t3 a2 a(kyX) | |\ By 0(8),
inversely proportional to the cavity length v ' v !
(42)
Aw 7 1
or KL 7Ny (400 wherea,(X)=(eA/mc®)U(X). An additional term propor-

tional to the transverse gradient in the radiation intensity
Over short interaction times wt<1 wheret = z/u the radia- aa?/ax has been introduced in the gain. Growth is therefore
tion power increases 44 and is independent of the detuning affected by t_he beam placement relative to th.e radla_tlon en-
Aw. velope; placing the electron beam on the positivegative

The computed gain is valid in the low-beam curréaty slope side of the Gap;sian rgdiation envelope incre@kes
gain regime, where coherent beam bunching and excitatiofr€@sesthe local radiation gain. o
of collective beam modes of frequenay can be neglected.  FOr @ finite thickness electron beam the local gain is
Inclusion of the coherent beam bunching in the high gaifigher in the area of increasing and lower in the area of
case leads to exponential growth. Inclusion of collectivedecreasing radiation amplitude, thus a self-focusing mecha-
beam mode excitation in the high-beam current case leads f§SM for the radiation results from the direct interaction be-
Raman scattering, during which the stimulated emission betv€en gain and intensity gradient. In a DEL self-focusing is
comes a three wave process; viewed in the drifting frame & linear effect depending on the locahtensity gradient
wiggler “virtual photon” of frequencyw? = y,(uk,) stimu- while focusing in FELs is nonlinear and depends on inten-

lates the excitation of a beam quantus = y,(wp— Uky) S|ty_. To |Ilustrr_:1te t_he self-focusing effect_, can|der the fol-
: o 5 %% lowing approximation for the wave equation in the presence
with the emission of a photon; = w;,— @y, .

The spectral broadenina due to the finite “lifetimes” of of the optically active electron beam. In Maxwell's
Ne Spec oadening due to Ine hinite “ifetimes equation V2A,— (1/c?)3?A./dt?= — (4mlc)j, we let A
the interacting radiation—electron eigenstates is obtained by iz oot Y . y y
L : T2 . . ZAU(x,2)e"rz e and write the current as
multiplying Eqg. (12) with e , 1" being the combined . "~ EXVE*  related to  the ain via iE*
lifetime. The spectral densit3f(w) of the emitted radiation Jy=UyEy) 2 o h20 12 . g_ IyEy
from the integrationf (O)cdt e—Ft[W+(t)_W_(t)] iS =(l/447)(wrlc )ArU dG/dt and Ey =(Iw/C)ArU. The
paraxial wave equation then becomes
[wr_(kr+kw)u]2
Uw)x 7 12" (41) 3?U U i 0°dG U
[w,— (K +k,)u]+T OF o BRSO
r rtfw ax2+2|k, 77" o & dt U=2i| ax+gU
For radiation frequencies in the THz range, and for beam (43
densities yielding similar plasma frequencies, the spontane-

ous emission ane-e collision effects are negligible. The where
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I 2 2 2 3
b W, W, Ib W, W, Ib aw 1 er d
A pat Capa s @9 Cre =20 Y928 (kwi)? ( ﬁu) [ dé e(f)}’
(48)
The term proportional t@ on the right-hand side gives the 5 2 . o
usual gain dependence on the beam-radiation overlappin§n€reéys=7vu+au/2. The gain ratio is
(i.e., “filling factor” ) while the additional focusing term is 3
introduced from the gain dependence on the envelope deriva- CoeL _ Yo Chu tanh(k,,X) 82= Yo (49)
tive. Without gain,k=g=0, the eigenmodes of E¢43) are Grer kL Q T 24N,
the well known Gaussian wave packets for propagation in ) . _ .
vacuum, showing that DEL operation favors higher beam energies

and shorter wiggler lengths than a FEL.
KD i 2 The fact that the drift velocity is determined I&,xB,
/ i i X -~ g
Ug(X,2)= \/ —— ex+k | (45)  limits the DEL sensitivity to the thermal beam spreads. In a
mz—ib 2(z—ib) DEL, the velocity or energy spreads of the injected beam are
converted into spreads in the GC location and affect the
The radiation spot size is given by(z) = w1+ Z%/b?, the overlap in real space. The velocity mismajoér seis irrel-
radiation waistw, in the x direction is related to the diffrac- evant, since the GC’s of all electrons drift at the same
tion parameteb via w2=2b/k, and we have assumed infi- Conservation of the canonical energy or momentum between
nite waist size along. When the gain is turned on the solu- two points of an electron orbit located inside and far outside
tion becomes the wiggler (where E;=B,;=0) shows that an initial mis-
match§y=vy— v, from the exact resonance causes a GC shift

g i K? oX from the intended location, and a finite gyroradius, given,
U(x,z)=exp ~z|exp ixx+i 5 -Z|Uo(X,2). (46)  respectively, by
r r

The first factor gives the amplitude growth along the inter- SX=1vy,By %
action space. The nexslowly varying phasgfactor intro-
duces a deformation of the spherical wave fronts; the pea
amplitude shifts off-axis along the lime= — («/2k,)z. The

Sy c (25)/

1/2
—, =V, = . 50
Yu P Q\ vy ) 0

lf’o maintain good overlapping with radiation one must limit
_ : ; oX, p well below the radiation waistvy and/or the gap size
above heuristic solution assumead-const when in factx p 0 gap

changes witlz. The radiation growth and envelope equationsD' Becaus@=0X, the tolerance to thermal spreads is deter-
L . i i iti <1. Letti =(y= ) Vi
must be solved simultaneously to obtain the exact profile angwmed by the conditio/D <1. Letting dy=(y~ v yields

growth alongz. (y— 7u><(%>2 1
Yu c ) 2y

(51)
VII. EFFICIENCY, SENSITIVITY TO BEAM QUALITY

AND CONCLUSIONS where the right-hand side is given by 1.72

2] 2 2
We have demonstrated radiation emission from reIativis—><101I3 LT] Dcml/y,. In a FEL, on the other hand, the

tic EXB drifting electrons at the doubly relativistically up- sensitivity to beam quality is determined by the energy

shifted wiggler frequencyk,u. Electrostatic energy and s;pre:i\/grﬂt'n;ﬁ t? The :rnged particle bucke('; W':ml.) ited
magnetic momentum are converted into radiation; the driff_ 7 away; the loleraled beam energy spreads are fimite
velocity remains constant, maintaining the resonance cond oy

tion along the interaction space. The emission line shape is =7 (r—v
u u

symmetric relative to the frequency or velocity detuning, a , (52)
trademark of emission fronEXB drifting electrons. The Ay Yuv2a,3,
gain is proportional to the wiggler and electric field gradients ] ] o
orthogonal to the propagation direction. Additional gain de-Placing stringent energy spread limits in a FEL,
pendence on the slope of the radiation envelope introduces a _
linear self-focusing effect. =) _ - .
Lo <\2a,a, ; (53
The DEL per-pass gain will now be compared to the cor- Yu 2Ny
responding FEL gain. Neglecting space-charge and radiation . o ) . .
envelop effects from Eq42) yields the far right-hand side is valid at optimum FEL efficiency

when the wiggler length approximately equals half the
bounce period of a trapped electron. Comparison between
Egs. (51) and (53) shows that DEL operation tolerates re-
laxed beam quality compared to its FEL counterpart over a
§),  wide parameter range. Also, in a DEL the required beam

quality is not affected by the wiggler length as in a FEL.

(47 Saturation in a DEL is caused by the off-axis walk of the
emitting electrons. One can obtain an upper limit in elec-

where a,,(X) =a,, coshk,X) and I,=mc®/e=17.069 kA. tronic efficiency by counting the maximum number of radia-

In the same notation tion quanta that can be emitted by the same electron. Since a

GDEL
1 9aZ
2a2, d(kyX)

_lp ck, Ay 1 (er)z
21y BUQ Yﬁyf (krWo)2 Bu
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GC shiftoX=% w,/e E, accompanies each emission there are Finally, we briefly touch upon another interesting possi-
N,=w,/6X photons emitted before the electron moves out-bility, namely, the DEL operation at a higher frequency re-
side the radiation envelope. The small signal electronic effisulting from the relativistic upshifting of the sum of the wig-

ciency therefore is gler period plus the cyclotron frequency. By allowing
transitions between different cyclotron statés=%1 the
_ Nyop  eBw, (54) energy-momentum balance gives the new selection rules
TTm(y=D) mE(y-1) A
*Tho,=F y,hQ+eEyoX, (593
In terms of the applied dc voltage,=V /2D and defining
the beam voltage asV,=mc*(y,— 1), the efficiency for- 50 u
mula is recast as h(k k) =F 7y o ¢ TMQX. (59b)

Wo Vo (55  An increment of electrostatic energy plus a cyclotron oscil-

772DV : - :
b lation quantum are simultaneously converted into a photon
) _during emission and vise versa. The drift kinetic energy and
In a FEL, on the other hand, the electron velocity recoiljomentum are invariant, thus transition is again accompa-

causes a frequency shifto=w (% o/ YuYoMc) from reso-  npjed by a GC shifttA=+#(w—Q)/eE,. The emitted radia-
nance per emission. The total number of photons emittego is centered around

before the electron shifts outside the resonance width
Aw=w,/2y°N,, is N,=Awl/S» and yields the following up-

per limit; W= . (60)

u
14—
C

QO
kWU +—
Yu

2
Yu

n= Cl\zlwﬁw, = 1 . (56) Everything else being the same, the “drift-cyclotron” fre-
mc(y,—1) 2Ny guency(60) is higher than the pure-drift DEL, E@21b), by

a factor 1+ Q/y 3k, u. The cyclotron emission adds two con-

tributions to the gain. One is nonrelativistic, always stabiliz-

According to Eq.(55) the DEL efficiency, determined only

by the ratios of the beam-to-cavity diameter and applied—toin . ; _ 2
A S g and symmetric in detuninow=w, — (k, +k,)u—Q/y§.

beam voltage, can be quite high; in fact, it is limited only by The relativistic contribution is antisymmetric in detuning and

the maximum voltage gradient that can be applied betwee P, 29 o _ ;
the plates. The FEL efficiency, on the other hand, is inher—aesmlbIIIZIng whertl/yy=> o, (k +ky)u. Detailed results

ently small since the number of wiggler perios, must be of the gain computation will be reported in the near future.

large to achieve a significant per-pass gain. The unfavorable

inverse relation between per-pass gain and efficiency is ab- ACKNOWLEDGMENT

sent in DELs. o _ The author would like to thank Dr. B. Hafizi for useful
High-power DEL operation is examined elsewhgseus-  4iscussions.

ing the classic equations for the resonant electron response. It

is shown there by computing the energy exchangejrdig

that the increase in the radiation energy exactly equals the

change in the ES energy of the beam “center of charge” Earlier we considered the special case of a narrow beam,
(X), with a charge distribution of microscopic thicknessmaller
than the transverse recoil distande=-6X. To take up the
GP =T eE(AX)=1pE(AX), (57 general case of macroscopic thickndssA consider a beam

: : wave function made by a superposition of drifting eigen-
where I'c=1p/e is the electron flux in the beam. Beam- .. ¢ y perp g9

radiation overlapping can be prolonged by the proper tilt of
the resonator axis relative to the drift direction. The angle of

APPENDIX: FINITE THICKNESS BEAM

tilt tan #=(AX)/L is related to the gai54) by \P(x)z}q} quqsr’,(x—Xq)e‘qze*‘%.q"h. (A1)
G(Aw,L)P, ) ) ) .
tan0=T. (58 A uniform charge densitye|¥(x)|°=en, results within

b~o

Xo—di2= X, =X,+d/2 if the guiding centers are uniformly

Hence “tapering” in a DEL is controlled simply by the tilt distributed inX,
angle between the drifting beam and the radiation beam. A

remarkable DEL feature is that at high-power operation,

whena,>a,,, the GC excursiorsX is unbounded. Unlike

the pendulum-type FEL dynam{&, there is no trapped par- provided the Larmor radius,= v (2n+1)A/( is also much
ticle island and no “turning around the bucket” for thé  smaller thard/2. Since cyclotron transitions are inhibited we
motion. Electrons keep moving along the dc electric fieldassume the same cyclotron rotation numbefor all elec-
converting their potential energy into radiatigh] until they  trons without loss of generality. Owing to the presence of the
either shift outside the radiation envelope, hit the wigglerbeam charge, the dc field and the potential relative to the
surface, or exit the interaction space. beam centeK, are

Ciq= n,/d, (A2)



E(X)=—E,—4men,X,

eV(X)=eEX+ imwiX?+eV, (A3)
whereX=X—X,, w2=4mre’n,/m is the beam-plasma fre-
guency andg,, V, are the values &,. The drifting eigen-
states¢,(x—X,) and eigenvalues ang], are perturbed by
the beam self-potentidimw 2X2. The cyclotron rotation fre-
guency is modified into

“ wy, O wp
QTZQ‘\H.——Z—\/ - —
L0 0?

and the centeiX, of the wave function is drifting at the
modified local drift velocity

(Ad)

E(X w2 —
U(Xq):C (_(:1):“0+_bx

B Q "o (AS)

where u,=cE//B is the drift velocity at the beam center.

The energy and momentum are given by
Eng=YuY. M —eEX— 30pX5eV,, (A6)

P.=%0= y, ¥, MU(Xy) — MO Xy, (A7)

v, =\1+2(n+ 12207 m+(eA,/mP)2. (A8)

Notice that, according to EqAS5), y,=1/V1-u*(Xg)/c?

changes with the GC location as

2
w
3 b
SYu= YuBu Qc

8Xq. (A9)
Equating the change in the ener@6) and momentuntA7)
during photon emission or absorption witk%e, and
+hi(k,+k,), respectively, yields, using=oX,,

NE r .3 wﬁ
Tho,=eE(X,) —'yl'yum-l—l

A+30?(2X,A+A2),
(A10)

2

w
iﬁ(kr+kw):mﬂ( — 9y Q—’;+1 A, (A1D)

where we used EqA9) for §y,. Relation(A10) yields a
guadratic equation for the recoil

A?+2BA+(C=0,

NE ’ 3(1)%
B={eE(Xqy) —'yl'yum—l—l

25 1
+ mw —,
ba mwﬁ

B 2hw,

C=——.
mwb

(Al12)
Solving Eq.(A12) yields the recoil

A.=—B+B% - L L(c)® Al3
+=—b+ + —+ﬂ3—% ﬂs’ . ( )
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In the low space charge limity 2/Q?<1/y3, Eq. (A13) re-
duces to Eq(35).

Taking the ratio between Eq$A10) and (Al1l) and ne-
glecting the quadratic term? eliminatesA and yields the
resonance condition

1+ (wp/ QU)X+ y] YioplQ?

(ky + k) ;
' 1_?&73“’%/92

w)u

(J)r -
(A14)

The peak frequency in the emission or absorption probability
therefore varies with the GC location in the beam due to the
shear in the GC velocity,

(02 Qu)X

~ (K, + b
wo(X)=(k; +ky)u(X)| 1 1—){73(0%/92

= (k, + ky)u(X), (A15)

where the far-right-hand side is valid fo£>1, Qd/u. The
line shape factor for radiative transitions is now a function of
both the frequency, and the electron GC locatiaX,

siré
e(wnx):?,

(Al6)
where

N — L wg L —

§(wr , X)=[or— wy(X)] szo(wr)_(kr"'kw) QO 2u X,

(A17)

and & =[w, — (k, t k,)us]L/2u, stands for the detuning at
the beam center. The total emission probability is the sum of
the individual emission probabilities over all the GC loca-
tions,

a2 — N —
W= f dXCE W, (X)—W_(X)]. (A18)
—d/r2

Taking W.. from Eq. (28) yields

15 ————

FIG. 6. The line shape functio®(¢) and its derivative®©’ (&)
and©"(§).
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1[A—A-  A%-A% 1 [ w, 3Ld\? 0"(&,)
W+—W—ﬁ—z{T(A) +— G=Go| 1+ ¢ 022 o | (A22)
, (n+12ma"
X[ (A")?=A? — AA (n+3)2 _ 1y cky a2 1 [1/1 ga2 }
> ° 210 Bu iyl (kwo)® | 2 | ag d(kuXo)
x| 5] Olwr.X), (A19) k,L\2
L L X By O(&o). (A23)
where, as usuahl(X)=a,a,(mc/4y, y,)coshk,(X,+X)] !
and(")=d/dX. . o . .
For a beam of widtk in they direction, the electron flux The functionB”(,) plotted in Fig. 6 is negative at synchro-
is given by nism. Thus, in the wide beam caderA, p the space charge
contribution to gain is negativéstabilizing and of order
diz wﬁ (0/E,)?, instead of the positivédestabilizing contribution
an, 7d/2dx Uo— 5 X | =aNolo, (A20)  of order o/E, for the narrow beam limitl<A, p. The gain

remains symmetric in respect to the frequency detuning,
thus one can apply the gain formu@é) with surface charge measured relative to the ~central  drift  velocity
density o=en,d and Eqs.(A18) and (A19) for W, —W_. A=, ~ (ki +k,)u,, sinced’(§,) is even ing, [the contri-
The contributions from the terms2 disappear in the classi- bution from6'(,) that is odd in detuning vanished during
cal limit #—0. Assuming a beam thickness much smallerthe X integration over the beam thickngss

than the wiggler wavelengtk,d<1 one can factor out all ~ The magnitude of the space-charge coefficient in Eg.
terms but the line shape factor outside the integée8), (A22) is b2(—:-tter estimated by letting,=c= w,/k, wherew,
yielding zwo=2yuokwuo, yielding
1 (d2 —O(&X)
G=Goaf dx%. (A21) wo wpld|? o INKd kyC ®f ny
—dr2 0 a 20 = (2m)Nyk; 0 (ko2 (A24)

Above, G, is the gain that would result for a zero-thickness

beam of the same current placed Xt X,. Notice_that  taying the beam thickness equal to the radiation waist

all the space-charge effects are _buried #(&(X)). g=27w, /), and for wiggler period of 1 cm arki,c/Q~1
By expanding the argument{(w,,X) according 10 he coefficient (A24) is near unity when

Eq. (A17), and letting O(&X)=6(&)+0"(&)(k  w2~4c?/(N,w,/\,). For typical N, ~10% w,/\,=10 fol-

+ky) Lo 2/ (Quo)X+30" (£ (K, +ky)Lw 2/ (Quy)]?X? lows n,~6x10° cm~2 which corresponds to current density
and substituting in the rhs of E¢A21) yields J,=en,c~2.88 Alcnt.
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