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Small signal theory of an E3B drifting electron laser

Spilios Riyopoulos
Science Application International Corporation 1710 Goodridge Drive, McLean, Virginia 22102

~Received 16 September 1996!

The concept of the drifting electron laser~DEL!, powered by a relativistic beam ofE3B drifting electrons
in crossed electric and magnetic fields, is introduced. The wiggling motion is generated by adding a periodic
modulation in eitherE orB. In contrast to free electron lasers~FELs! converting kinetic energy and momentum
into radiation, the emitted radiation energy and momentum in a DEL come respectively from the change in the
electrostatic energyeE0dX and vector potentialeB0dX of the electron,dX being the quantum recoil of the
guiding center~GC! location perpendicular to the drift direction. The difference between stimulated emission
and absorption responsible for the gain is provided by the transverse gradient of the wiggler strength, and the
gain curve issymmetricrelative to the frequency detuningdv. Since the drift velocity and the resonance
condition are energy independent, one avoids the low efficiency limits placed on FELs from energy detuning
and thermal spreads. Beam energy spreads turn into spreads in the GC location, reducing the gain sensitivity
to the beam quality. Saturation in a DEL occurs via the off-axis walk of the emitting electrons. Overlap
between the beam and the radiation is maintained by a small tilt of the resonator axis relative to theE3B drift
direction.@S1063-651X~97!09502-0#

PACS number~s!: 41.60.2m, 42.55.2f, 84.40.Ik., 84.40.Fe
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I. INTRODUCTION

In a free electron laser@1–4# ~FEL! a relativistic electron
beam passing through a periodic magnetic field~wiggler! of
wavelengthlw emits radiation with wave numberkr that is
doubly relativistically upshifted relative to the wiggle
kr52g z

2kw , wherekw52p/lw . The emitted radiation en
ergy and momentum come from the beam kinetic energy
momentum. Since the wave-particle resonance condition
pends on the beam energy, the detuning resulting from
energy exchange places a limit on the electronic efficie
h.Dg/g05

1
2Nw . Given that the number of wiggler period

Nw must be large on grounds of per-pass gain, the inhe
FEL efficiency is limited to a few percent@1–3#. The sensi-
tivity of the wave-particle resonance on energy also pla
stringent limits on the FEL tolerance to beam therm
spreadŝg2g0&/g0!Dg/g05

1
2Nw . Though the efficiency can

be improved by tapering the wiggler parameters, the se
tivity to energy spreads cannot.

In the drifting electron laser~DEL! introduced in the
present paper, stimulated emission is produced by pas
through a wiggler a beam of electrons undergoing a rela
istic E3B drift in orthogonal static electric and magnet
fields. The undulation is provided by adding a period
modulation in eitherB or E ~Fig. 1!. Though the relativistic
frequency upshifting is the same as in a FEL, the drifti
electron laser is different in a number of important aspe
The emitted radiation energy and momentum come, res
tively, from the change in the electrostatic energyeE0dX
and vector potentialeB0dX of the electron,dX being the
recoil of the guiding center~GC! location perpendicular to
the drift direction. Since the resonance condition depends
the average electron drift velocityu5cE0/B0 , which is in-
dependent of the potential energy, no detuning results f
the energy loss during the interaction. Also, energy spre
in the injected beam have no direct effect on the wa
particle synchronism; they appear as a spread in the GC
551063-651X/97/55~2!/1876~11!/$10.00
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cation transverse to the direction of propagation. Satura
occurs via the off-axis walk of the emitting electrons. Ove
lap between the beam and the radiation is maintained b
small tilt of the resonator axis relative to theE3B drift di-
rection.

This paper studies the small signal DEL gain, ignoring t
self-field effects from the rippled electron beam, but inclu
ing the effect of the unperturbed beam space charge.
adopt the quantum mechanical approach that gives a des
tion of the interaction process on the fundamental level a
is better suited to bring out similarities and differences w
FELs. A companion paper@5# studies the large signal gai
and the saturation efficiency following the classical relat
istic description of the resonant Hamiltonian. It is show
there that no inherent gain limitation is placed by the int
action physics itself; the only efficiency limitation is techn
logical and is determined by the maximum potential gradi
E0 that can be sustained across the interaction space.
DEL operation exhibits much higher efficiency and low
sensitivity to beam quality than a FEL.

Schematic illustrations of the DEL concept are shown
Figs. 2~a! and 2~b!, respectively, employing modulation i
either the magnetic or the electric field,

B5B0ŷ2Bw@cosh~kwx!cos~kwz!x̂

1sinh~kwx!sin~kwz!ẑ#, E5E0x̂, ~1a!

B5B0ŷ, E5E0x̂1Ew@sinh~kwx!sin~kwz!x̂

1cosh~kwx!cos~kwz!ẑ], ~1b!

where the periodic terms are derived from the potentials

Bw5“3Aw , Aw5kw
21Bwcosh~kwx!sin~kwz!ŷ, ~2a!

Ew52“Fw , Fw52kw
21Ewcosh~kwx!sin~kwz!.

~2b!
1876 © 1997 The American Physical Society
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FIG. 1. Schematic illustration of the geometr
and field arrangement in a drifting electron lase
g

s

th
nc
bi
di

pr
b

t
r

nc
ro
he
ss
fi

th

ar

a
i-
ns

rip-

i-

h

en-

g
ro-

ps
the
mi-
sed
of
es

ion
of
ity.
the
lf-
the

fol-
For reasons that will be explained soon the wiggler stren
must vary in thex direction, along the uniform staticE0. The
interaction Hamiltonians for arrangements~a! and ~b!, re-
spectively, are

H5Am2c41c2FP1
e

c
~A01Aw1Ar !G22eF0 , ~3a!

H5Am2c41c2FP1
e

c
~A01Ar !G22eF01eFw ,

~3b!

where2e is the electron charge,P5p2(e/c)A is the ca-
nonical momentum,

A05Boxẑ, F0~x!5Eox, ~4!

and the radiation is a plane wave with vector potential

Ar5Arsin~kz2vt !ŷ. ~5!

In the notation of Eq.~4! the dc electric and magnetic field
are negative,E052Eo andB052Bo , respectively.

On the quantum description level, the increase in
number of radiation photons is determined by the differe
between the stimulated emission and absorption proba
ties. In a FEL these probabilities are centered at slightly
ferent frequenciesve and va , respectively@4#, due to the
electron recoil~Compton effect!. The difference between
stimulated absorption and emission then turns out to be
portional to the derivative of the stimulated emission pro
ability times the differencedv[ve2va , yielding a gain
curve that isantisymmetricrelative to the frequency shif
from resonance@2–4#. In a DEL, the photon emission o
absorption process byE3B drifting electrons is ‘‘recoilless’’
and both relevant probabilities peak at the same freque
The difference between the emission and absorption p
abilities, responsible for the gain, is provided mainly by t
transverse gradients of the wiggler strength, and, to a le
degree, from the transverse gradients in the radiation pro
and the beam self-field. The gain curve issymmetricrelative
to frequency detuning. The gradient of the wiggler streng
a nuisance in FEL operation, is fundamental for DEL.

The principle of the DEL operation is somewhat simil
to magnetron operation where a slow wavev/k!c is excited
by E3B drifting electrons. The main difference is that in
magnetron a drifting electron can emit a ‘‘slow wave’’ cav
ton without wiggler mediation. In both DEL and magnetro
th
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the basic theory is two-dimensional; the basic FEL desc
tion requires only one dimension.

The merits of DEL operation, compared to a FEL of sim
lar operating parameters, are~a! higher small signal gain, for
given beam energy, by a factorg ; ~b! much higher elec-
tronic efficiency that is not limited by the wiggler lengt
~there is no inverse gain-efficiency relation as in a FEL!; ~c!
much smaller sensitivity to thermal beam spreads, indep
dent of wiggler strength or radiation power;~d! prolonging
the wave-particle resonance~i.e., ‘‘tapering’’! is achieved by
merely tilting the radiation beam relative to the driftin
beam. A linear radiation focusing mechanism is also int
duced by the signal gain.

Though the electrostatic wiggler approach is perha
easier to implement experimentally, here we will analyze
magnetic wiggler arrangement offering a more obvious si
larity with the FEL equations. The quantum approach is u
for better exposition of the underlying physics. The rest
the analysis is divided into three parts. Section II introduc
the unperturbed eigenfunctions of the relativisticE3B drift-
ing electrons. Section III computes the stimulated emiss
or absorption probability. Section IV introduces the effect
the unperturbed beam self-field on the transition probabil
Section V combines the previously obtained results into
small signal DEL gain. Section VI discusses the linear se
focusing effect caused by the dependence of the gain on
transverse gradient of the radiation profile. Conclusions
low in Sec. VII.

FIG. 2. Illustration of the DEL concept with~a! magnetic and
~b! electrostatic wiggler.
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II. DRIFTING ELECTRON EIGENSTATES

To discuss radiation emitted from induced transitions
tween electron states one must first obtain the unpertu
E3B drifting electron eigenstates. Consider injected el
trons that are prepared as eigenstates of the unpertu
HamiltonianAr50 involving the only the static fields. Ne
glecting electron spin, the relativistic Klein-Gordon equati
is

S i\ ]

]t
1eF0D 2c5Hm2c42c2\2

]2

]x2

1 1
2e

2Aw2cosh2~kwx!

1c2S 2 i\
]

]z
2VxD 2J c, ~6!

where we have usedP52i\“ andH5i\(]/]t) for the ca-
nonical momentum and energy operators, respectively.
cause of they invariance, they momentum can always be s
to zero by proper shift of origin, which has resulted
Pyc52 i\]c/]y50 inside Eq. ~6!. In addition, only
the z-averaged rms wiggler strength Ā w

2 (x)
5(1/2)Aw

2 cosh2~kwx! is kept in the unperturbed motion, a
lowing invariance along the drift directionz. Hencec is an
eigenfunction of the energy andz-momentum operators
Pzc5\qzc, i\(]c/]t)5Ec,

c~x,y,z,t !5e2 iEt/\eiqzf~x!, ~7!

where from now onq stands forqz . It then follows that

~E1eE0x!2f5Sm2c42c2\2
]2

]x2
1m2c2V2x21c2\2q2

22mc2\qVx1e2Āw
2 Df. ~8!

Defining the drift velocityu5cE0/B0 , the relativistic factor
gu5A12(u/c)2 and the cyclotron frequency in the driftin
frame V̂[V/gu with V5eBo/mc, Eq. ~8! becomes after
term rearrangements

~E22c2\2q21m2c2V̂2Xq
22e2Āw

2Xq!f

5Fm2c41c2S 2\2
]2

]r 2
1m2V̂2r 2D Gf. ~9!

Above, we have setAw(x).Aw(Xq) due to the small size o
the wave function compared to the wiggler scale 1/kw. T
right-hand side~rhs! is the operator for the relativistic har
monic oscillator with energy spectrum

En25m2c412~n1 1
2 !\V̂, ~10!

where the wave functionc is expressed in terms of the dis
tancer5x2Xq from the GC locationXq defined by

Xq5
EeEo2mc2V\q

m2c2V̂2
. ~11!
-
ed
-
ed

e-

e

Thus Eq. ~9! is the quantum description of the cyclotro
rotation about a GC drifting alongz. The classical Larmor
radiusrn is related to the rms size of the wave function in t
direction transverse to theE3B motion and is given by
(n11/2)\V̂5(1/2)mV̂2^r n

2&. The wave function
cn,q(x,z;t) for a drifting electron eigenstate with quantu
numbersn,q, is

cn,q~x,z;t !5fn~x2Xq!e
iqze2 iEt/\, ~12!

where fn is given in terms of Hermite functions
fn(r )5a21/4exp(2r 2/a)Hn(r /Aa), a5A\/2mV̂. Substi-
tuting Eq. ~12! inside Eq.~9! and solving for the energyE
yields

En,q5\qu1
1

gu
Am2c412mc2~n1 1

2 !\V̂1e2Āw
2 .

~13!

Expressingq in terms ofXq from Eq. ~11! gives the equiva-
lent energy definition

En,q5gug'mc22eEoXq , ~14!

g'5A112~n11/2!\V̂/mc21~eĀw /mc2!2. ~15!

The last term in the rhs of Eq.~14! is the potential energy a
the GC location. In the nonrelativistic limit thegug' term
breaks into the sum of the GC drift kinetic energy~1/2!mu2

plus the cyclotron rotation energy (n1 1
2 )\V̂ about the GC.

Substituting Eq.~14! in the definition of the GC~11! yields
the conserved momentumPz5\q as the sum of the kine
matic and the vector potential momentum of the GC lo
tion,

Pz5\q5gug'mu2mVXq . ~16!

Eventually the energy and momentum have been expre
in terms of the vector potential and the ES potential at
center of the wave function~the classical GC!, plus the cy-
clotron rotation energy. Note that thez-momentum quantum
number q uniquely defines the GC locationXq and vice
versa, henceforth the subscript (q) is dropped fromX for
simplicity.

III. INTERACTION WITH RADIATION

We now describe the interaction of the unbound elect
eigenstates with the cavity radiation field. Adopting the o
quantum treatment the cavity modes are given by the cla
solutions of Maxwell equations. The first order perturb
Hamiltonian is
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H15
1

4

mc2

gug'
H S eAwmc2D

2

cosh2~kwx!

3@e2ikwz1c.c.#1S eAwmc2D S eArmc2D cosh~kwx!

3@ei ~kr1kw!z2 ivr t1ei ~kr2kw!z2 ivr t1c.c.#J . ~17!

The first term in the right-hand side, coming from the diffe
enceAw

2 (x,z)2Ā w
2 (x), is time independent and yields su

cessive scatterings of the drifting electrons off the wigg
periodic potential; it is the quantum analog to the class
nonlinear wiggling motion. The interaction of the fundame
tal wiggling motion with the radiation is given by the seco
term; the plus signkr1kw corresponds to upshifted radiatio
frequency, the case of interest. The interaction Hamilton
for the stimulated emission is thus taken as

H15
mc2

4gug'

awarcosh~kwx!@ei ~kr1kw!z2 ivr t1c.c.#,

~18!

where, as usual,aw5eAw/mc2, ar5eAr /mc2.
The process of a photon emission or absorption is

picted in Fig. 3. The energy-momentum conservation yie
@6#

7\v r5\u~q82q!6~n82n!\V̂/gu , ~19a!

7\~kr1kw!5\~q82q!. ~19b!

The periodic wiggler introduces the factor\kw in the mo-
mentum balance, since in a periodic medium momentum
conserved within\kw . It is the wiggler mediation that make
the photon emission possible; recall that an electron
from external fields can only scatter a photon. The emit
frequency, in general, depends on whether transitions
tween cyclotron states take place. We focus on transiti
between states of equal cyclotron energyn85n,

En,q82En,q5~q82q!\u57\v r . ~20!

From Eqs.~19b! and~20! it follows that the emitted frequen
cies are centered at

v r2u~kw1kr !50. ~21a!

Thus

FIG. 3. Diagram for the elementary process of photon emiss
or absorption. Instead of velocity recoil, a ‘‘parallel shifting’’ of th
electron orbit in space bydX5\v r /eEo occurs.
r
l
-

n

-
s

is

e
d
e-
s

v r5S 11
u

cDgu
2kwu. ~21b!

For u.c Eq. ~21b! yields v r52g u
2kwc, corresponding to

the usual FEL operation range. Conservation of the total m
mentum, using the relation~16! between\q and the GC
location, requires that the electron GC recoil by

dX5
\~q82q!

mV
57

\~kw1kr !

mV
. ~22!

The direction of this recoil is perpendicular to the directi
of the drift u and across the magnetic field. Substituti
\(q82q)57\v r /u from the energy conservation equatio
~20! into Eq. ~22! yields

7\v r52mVudX52eEodX5d~2eF0!. ~23!

The exchanged radiation energy equals the change in
electrostatic energy@6# of the electron GC. In a similar man
ner the change in the radiation momentum equals the cha
in the canonical momentum

7\kr5dPz52mVdX5d~eAz /c!, ~24!

stemming from the GC displacement across the vector
tential. Stimulated emission in crossedE and B fields in-
volves changes in the electrostatic and vector potential o
The kinematic energy and momentum remain invariant d
ing the transition.

Whether emitted radiation is amplified depends on
relative strength between absorption and emission proba
ties. According to Eqs.~23! and ~24! the centerX of the
wave functionfn(x2X) is shifted bydX56D with

D5
\v r

eEo
5

\v r

mVu
~25!

during emission or absorption. The per unit time change
the probability amplitudep6(t) for emission or absorption is
written in terms ofr5x2X and r 85x2(X6D)5r7D as

p65 K fn~r7D!U i

\
V1cosh@k~X1r !#Ufn~r !L

3dq82q7~kr1kw!e
i ~En,q82En,q!t/\7 ivr t, ~26!

whereV15awarmc2/4g'gu . The right-hand side involves
the overlap integral between initial and final states, shown
Fig. 4 for the ground cyclotron staten50. Expression~13! is
computed by expandingfn(r7D)5fn(r )7(dfn/dr)D
1••• and V1 cosh(kwx)5V1cosh(kwX)1kwV1sinh(kwX)
r1••• , and expressingr , d/dr as

r5A \

2mV
~a1a†!,

d

dr
5

i

\
Pr5AmV

2\
~a2a†!,

~27!

n
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a,a† being the Heisenberg operators with the propertiea
fn5Anfn21, a

† fn5An11fn11. The total probability for
electron transition in the lower~upper! energy state afte
time t,

W6~ t ![U E
0

t

dt8p6~ t8!U2,
is found from Eqs.~26! and ~27! and the orthonormality
amongfn ,

W65
1

\2 HA21AA9^fnur 2fn&7~A2!8D^fn8urfn&

1
D2

2
@~A8!2^fn8urfn&

212A2^fn9ufn&1AA9^fn9ufn&

3^fnur 2fn&#J sin2@$v r2~kr1kw!u%t/2#

@$v r2~kr1kw!u%/2#2
, ~28!

where A[V1 cosh(kwX), ~8![d/dX and we have omitted
terms higher thanD2, r 2. The net emission probability

W5W12W252
1

\2 2D~A2!8^fn8urfn&1O~D3!

~29!

is proportional to the GC displacementD times the trans-
verse gradient of the wiggler strength.

IV. EFFECT OF THE BEAM FIELD

We have so far ignored the influence of the electrost
field from the charged electron layer. To take self-fields in
account consider a monolayer ofE3B drifting electrons
with GC located at X. Let the charge density
r(r )52suC(r )u2 be a Gaussian of total surface charge d
sity2s. The system wave functionC is then a superposition
of eigenstates of variousn’s,

C~r !5S 1

Apd
D 1/2e2r2/2a25(

n
cnfn~r !, ~30!

FIG. 4. Wave functionf0(r ) before~solid! and after~dashed!
transition.r is in units ofA\/2mV. The broken line is the wiggler
strength profile in the vicinity ofX ~not to scale!.
ic
o

-

subject to(nucnu
251. We take the widthd of the Gaussian

much less than the ‘‘ground state Larmor radius
d5z(\/muVu)1/2 with z!1, meaning that the thicknessd of
the electron layer is smaller than the quantum recoilD from
Eq. ~12!. An asymmetry is now introduced in the GC jump
between stimulated absorption and emission due to the
ference in the electric strengths above and below the be

D656
\v r

eE6
, ~31!

whereE65Eo62ps andEo5
1
2 (E11E2) is the field atX.

BecauseuD1u,uD2u a stronger overlapping between initia
and final states occurs during emission than absorption.
peating the exercise of the previous paragraph yields an
pression similar to Eq.~28! with C(r ) in lieu of fn andD6

instead ofD. Two remarks are in order. First, the beam fie
modifies the oscillator eigenfunctions and eigenvalues. Ho
ever the corrections from using perturbedf̃n and Ẽn to con-
structC are shown to disappear in the classical limit. Se
ond, the no-cyclotron-emission constraintn85n during
transitions leads tôC9uC&52~m/\2!^CuHuC& instead of the
momentum expectation value2~1/\2!^CuP2uC&. Computing
^CuHuC&51

2[(\
2/2md2)1mV2d2/2] one obtains

W12W25
1

\2 H D12D2

2
~A2!81

D1
2 2D2

2

2

3F ~A8!222A2
m

2\2 S \2

2md2
1
mV2d2

2 D
2AA9(

n
ucnu2~n1 1

2 !2G J
3
sin2$@v r2~kr1kw!u#t/2%

$@v r2~kr1kw!u#/2%2
. ~32!

In the low space charge limit, 4pusu/Eo!1, the first contri-
bution from D12D2.2uDu1O~s2/Es

2! is similar to that in
Eq. ~28!. In addition, there is a finite contribution from th
quadratic GC recoil term,

2
D1
2 2D2

2

2
.

\2v2

e2Eo
2

E12E2

Eo
54pD2

s

Eo
. ~33!

An interesting twist in the theory is that when the bea
width is much larger than the recoil size,d@D, the space
charge correction in the electron recoil distance inside
beam is of higher order in\ and the gain contribution from
D1
2 2D2

2 vanishes in the classical limit. Consider, for e
ample, a uniform GC distribution of densityn0 with d@D
~here the finite Larmor radius is irrelevant as long as it
smaller thand!. Energy conservation during the transitio
~23! in the presence of the local beam self-fie
2eVb5eEoX22pe2noX

2 yields

7\v r5eEoD2
m

2
vb
2D2, ~34!

wherev b
254pe2no/m is the beam plasma frequency. Th

solution yields
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D65
eEo /m2A~eEo /m!262\v rvb

2/m

vb
2

.6
\v r

eEo
F17

\v r

eEo
Smvb

2

eEo
D G . ~35!

The differenceD1
2 2D2

2 is of order\3 instead of\2 in Eq.
~33! and the corresponding contribution to the gain vanis
in the classical limit. Space charge effects in case of a w
beam enter through the shear in theE03B0 velocity. Differ-
ent beam layers drift at slightly different velocitie
u(X)5u01(v b

2/V)(X2Xo) whereXo is the beam center
the detuning effect from this variation comes into play wh
the beam thickness exceeds the recoil distance. The detu
from resonance becomes a function of the GC locat
X2Xo . Summing up over the GC distribution inX it turns
out ~Appendix A! that the space-charge correction to the g
scales as~s/Eo!

2 wheres5enod.
In conclusion, the space-charge contribution to the g

depends on the field jump across the beamdE054ps rather
than the sheardE0/d, provided the beam thickness is muc
less than the wiggler wavelengthlv . For a microscopic
beam thicknessd!D the gain correction is proportional t
~s/E0!; in general, it can be either positive or negative~sta-
bilizing! depending on the sign ofE0. For macroscopic
thicknessd@D the correction scales as~s/E0!

2 and is always
negative~stabilizing!.

V. PER-PASS GAIN FOR A SHEET BEAM

The radiated power per cavity passdP, determined by the
number of photons emitted after a cavity transit timet5L/u,
is equal to the electron flux (s/e)ua, a being the width of
the beam in they direction, times net emission probability
times the emitted quantum\vr ,

dPr5~s/e!ua@W12W2#\v r . ~36!

Substituting Eqs.~32! and~33! inside Eq.~36!, usingd from
after Eq.~30!, and taking the classical limit\→0 two con-
tributions remain in the gain: one independent of the cyc
tron energyn, and one proportional to the classical Larm
radius^r4&5(\/muVu)2(nucnu

2(n1 1
2 )

2. In the ‘‘cold’’ beam
case k2^r2&!1 one obtains, defining the detunin
Dv[v r2(kr1kw)u,

dPr5
kwa

8

s

emV

e4Aw
2Ar

2

m2c4gu
2g'

2 Fsinh~kwX!cosh~kwX!

1
s

Eo

v r

kwu

p

4z2
cosh2~kwX!Gv r

2 sin
2@Dvt/2#

@Dv/2#2
.

~37!

The first and second terms on the right-hand side of Eq.~37!
describe two effects that make the probability for stimula
emission larger than stimulated absorption. First, the wigg
strength increases withX and thus favors transitions shiftin
the GC upwardsD1.0. That corresponds to electrons fallin
into lower potential energy stated(2eF0)52eEoD1,0
via radiation emission. Second, the discontinuity of the
field across the electron beam charge has a similar effect
s
e

ing
n

n

in

-

d
r

c
he

resulting difference between stimulated emission and abs
tion probability is of the order of the GC shift squaredD2 and
proportional to 1/uE2u221/uE1u2.0.

Implicit in the derivation of Eq.~37! is the low gain ap-
proximation when the wave amplitude does not vary sign
cantly over the interaction length. The total radiation flux
the cavity P is related to the radiation amplitude b
Pr5(c/4p)(v r /c)

2A r
2pwo

2, wherewo is the waist size for a
Gaussian optical beam. Defining the per pass gainG[dP/P,
and expressing the surface charge density in terms of
beam currents5I b/au one can cast the per-pass gain in
cavity fed by a sheet currentI b as

G5
I b
2I 0

ckw
buV

aw
2

gu
2g'

2

1

~krwo!
2 F12 S 1

aw
2

]aw
2

]~kwX! D
1S dEo

Eo
D v r

kwu

1

16z2G S krLbu
D 2U~j!, ~38!

wherebu5u/c, aw(X)5(eAw/mc2)cosh(kwX), I 05mc3/e
517.069kA, the detuning parameterj5DvL/2u5(Dv/
vo)(krL/2bu) and the line shape factor is

U~j!5
sin2j

j2
. ~39!

The gain profileU~j! is symmetricrelative to the resonan
frequency v05(kr1kw)u, contrasting the antisymmetri
FEL gain that goes asdU/dj.

Formula ~38! emphasizes the gain dependence on
transversegradientsdaw/dX anddE0}s relative to the wave
propagation direction, the emission process being fundam
tally two dimensional. Gain results when the strengthsaw
andE0 increase in the direction of the dc electric force. If th
space-charge contributions are omitted, the gain is antis
metric relative to the beam placement from the midpla
X50. For the fields shown in Fig. 1 the force is positiv
2eE05eEo and gain results when the beam is inject
above the midplaneX5d.0; a negative gain of opposit
value occurs forX52d. If the direction ofE0 and B0 is
reversed the beam must be injected below the mid pl
X,0 where]aw

2 /]X,0 is of the same sign with the forc
2eEo ~the drift velocityu remains the same!. In that case the
space charge contribution in Eq.~38! changes sign since
dE054p~2s! does not reverse withE0; a positron beam of
opposite charge density is required to yield exactly the sa
gain under field inversion. This is the well knownCP
~charge-parity! symmetry of electrodynamics.

It should be pointed out that a microscopic beam thic
ness, of the order of the ground state Larmor rad
d5z(\/mV)1/2, cannot be resolved in the classical lim
~macroscopic! description. The classical analog in that ca
is a beam of zero macroscopic thicknessd/l r50, i.e., a
d-function density distribution. The treatment of magnetr
mode excitation by a sheet beam@7#, a somewhat similar
process involving slow wavev/k!c excitation byE3B
drifting electrons, showed that the classical result for a ze
thickness sheet beam agrees with the quantum result
z51

4.
Figure 5 shows the gainG vs detuning parameterj, ob-

tained from Eq.~38! over an interaction lengthL of Nw5200
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wiggler periods for different beam currents. The beam thi
ness is taken to be half the ground level Larmor radius,
ting z51

2. The other parameters areaw50.10,kw52p cm21,
kwX51, u/c50.99, corresponding to a dc electric fie
E05297 kV/cm atB051000 G. The three gain curves corr
spond to beam currentsI b equal to 10 mA, 33 mA, and 100
mA, respectively, yieldings/Eo ratios from 1.0231026 to
1.0231025. The natural half-width of the excited spectrum
inversely proportional to the cavity length

Dv

v r
.

p

krL
5

1

gu
2Nw

. ~40!

Over short interaction timesDvt!1 wheret5z/u the radia-
tion power increases ast2, and is independent of the detunin
Dv.

The computed gain is valid in the low-beam current,low
gain regime, where coherent beam bunching and excita
of collective beam modes of frequencyvb can be neglected
Inclusion of the coherent beam bunching in the high g
case leads to exponential growth. Inclusion of collect
beam mode excitation in the high-beam current case lead
Raman scattering, during which the stimulated emission
comes a three wave process; viewed in the drifting fram
wiggler ‘‘virtual photon’’ of frequencyvw*5gu(ukw) stimu-
lates the excitation of a beam quantumvb*5gu(vb2ukb)
with the emission of a photonv r*5vw*2vb* .

The spectral broadening due to the finite ‘‘lifetimes’’ o
the interacting radiation–electron eigenstates is obtained
multiplying Eq. ~12! with e2Gt/2, 1/G being the combined
lifetime. The spectral densityU~v! of the emitted radiation
from the integration* 0

`dt e2Gt[W1(t)2W2(t)] is

U~v!}
@v r2~kr1kw!u#2

@v r2~kr1kw!u#21G2 . ~41!

For radiation frequencies in the THz range, and for be
densities yielding similar plasma frequencies, the sponta
ous emission ande-e collision effects are negligible. The

FIG. 5. Plot of gain vs detuningj5~Dv/vo!(krL/2bu) for beam
currents of 10, 33, and 100 mA over 200 wiggler periods for n
malized wiggler strengthaw50.5.
-
t-

n

n
e
to
e-
a

by

e-

linewidthG is determined by the inverse electron transit tim
t through the cavity lengthL, and the inverse cavity deca
time GQ5v/Q, G21.(v/Q)211(u/L)21. Notice the ab-
sence of thermal broadening due to velocity spreads. S
the drift velocityu is determined by the field strengths at th
GC locationX, any velocity spreads among electrons i
jected at the same GC location must be distributed in th
cyclotron rotation velocities. In quantum terms this transla
as a spread over the oscillation quantum numbern, Eq. ~12!.
The radiation gain~38! is independent ofn and thus of ther-
mal spreads.

VI. INTERACTION BETWEEN THE RADIATION
ENVELOPE AND GAIN

So far a uniform radiation amplitude has been assum
during the gain computation. Since the gain was shown
depend on the transverse gradients of the wiggler stren
and the electric field, one would like to include similar e
fects caused by the variation of the radiation amplitude in
transverse direction. Repeating the gain computation with
amplitude profile that varies alongx, Ar→ArU(x), one sim-
ply replaces A in expressions ~28! and ~29! with
A5V1 cosh(kwX)U(X), yielding the final result

G5
I b
2I 0

ckw
buV

aw
2

gu
2g'

2

1

~krwo!
2 F12 S 1

aw
2

]aw
2

]~kwX! D
1S dE0

E0
D v r

kwu

1

16z2
1
1

2 S 1ar2 ]ar
2

]~kwX! D G S krLbu
D 2U~j!,

~42!

wherear(X)5(eAr /mc2)U(X). An additional term propor-
tional to the transverse gradient in the radiation intens
]a r

2/]X has been introduced in the gain. Growth is therefo
affected by the beam placement relative to the radiation
velope; placing the electron beam on the positive~negative!
slope side of the Gaussian radiation envelope increases~de-
creases! the local radiation gain.

For a finite thickness electron beam the local gain
higher in the area of increasing and lower in the area
decreasing radiation amplitude, thus a self-focusing mec
nism for the radiation results from the direct interaction b
tween gain and intensity gradient. In a DEL self-focusing
a linear effect depending on the localintensity gradient,
while focusing in FELs is nonlinear and depends on inte
sity. To illustrate the self-focusing effect, consider the fo
lowing approximation for the wave equation in the presen
of the optically active electron beam. In Maxwell’
equation ¹2Ay2(1/c2)]2Ay/]t

252(4p/c) j y we let Ay
5ArU(x,z)e

ikrz2 ivr t and write the current as
j y5( j yEy* )/Ey* related to the gain via j yEy*
5(1/4p)(v r

2/c2)Ar
2U2dG/dt and Ey*5( iv/c)ArU. The

paraxial wave equation then becomes

]2U

]x2
12ikr

]U

]z
5

i

v r

v r
2

c2
dG

dt
U52i S k

]U

]x
1gUD ,

~43!

where

-
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k[
I b
2I 0

v r

buV

v r
2

u2
z, g[

I b
2I 0

v r

buV

v r
2

u2
kwz. ~44!

The term proportional tog on the right-hand side gives th
usual gain dependence on the beam-radiation overlap
~i.e., ‘‘filling factor’’ ! while the additional focusing term i
introduced from the gain dependence on the envelope de
tive. Without gain,k5g50, the eigenmodes of Eq.~43! are
the well known Gaussian wave packets for propagation
vacuum,

U0~x,z!5Akb

p

i

z2 ib
expF ik x2

2~z2 ib !G . ~45!

The radiation spot size is given byw(z)5woA11z2/b2, the
radiation waistwo in thex direction is related to the diffrac
tion parameterb via wo

252b/k, and we have assumed infi
nite waist size alongy. When the gain is turned on the solu
tion becomes

U~x,z!5expS gkr zDexpS ikx1 i
k2

2kr
zDU0~x,z!. ~46!

The first factor gives the amplitude growth along the int
action space. The next~slowly varying phase! factor intro-
duces a deformation of the spherical wave fronts; the p
amplitude shifts off-axis along the linex52(k/2kr)z. The
above heuristic solution assumedk5const when in factk
changes withz. The radiation growth and envelope equatio
must be solved simultaneously to obtain the exact profile
growth alongz.

VII. EFFICIENCY, SENSITIVITY TO BEAM QUALITY
AND CONCLUSIONS

We have demonstrated radiation emission from relativ
tic E3B drifting electrons at the doubly relativistically up
shifted wiggler frequencykwu. Electrostatic energy and
magnetic momentum are converted into radiation; the d
velocity remains constant, maintaining the resonance co
tion along the interaction space. The emission line shap
symmetric relative to the frequency or velocity detuning
trademark of emission fromE3B drifting electrons. The
gain is proportional to the wiggler and electric field gradie
orthogonal to the propagation direction. Additional gain d
pendence on the slope of the radiation envelope introduc
linear self-focusing effect.

The DEL per-pass gain will now be compared to the c
responding FEL gain. Neglecting space-charge and radia
envelop effects from Eq.~42! yields

GDEL

5
I b
2I 0

ckw
buV

âw
2

gu
2g'

2

1

~krwo!
2 S krLbu

D 2F 1

2âw
2

]âw
2

]~kwX!GU~j!,

~47!

where âw(X)5aw cosh(kwX) and I 05mc3/e517.069 kA.
In the same notation
ng

a-

n

-

k

s
d

-

ft
i-
is

s
-
a

-
on

GFEL5
I b
2I 0

aw
2

gu
2go

3bu
2

1

~krwo!
2 S krLbu

D 3F2
d

dj
U~j!G ,

~48!

whereg o
25g u

21aw
2 /2. The gain ratio is

GDEL

GFEL
.

go
3

krL

ckw
V

tanh~kwX!bu
2>

go

2pNw
, ~49!

showing that DEL operation favors higher beam energ
and shorter wiggler lengths than a FEL.

The fact that the drift velocity is determined byE03B0
limits the DEL sensitivity to the thermal beam spreads. In
DEL, the velocity or energy spreads of the injected beam
converted into spreads in the GC location and affect
overlap in real space. The velocity mismatchper seis irrel-
evant, since the GC’s of all electrons drift at the sameu.
Conservation of the canonical energy or momentum betw
two points of an electron orbit located inside and far outs
the wiggler ~whereE05B050! shows that an initial mis-
matchdg[g2gu from the exact resonance causes a GC s
dX from the intended location, and a finite gyroradius, give
respectively, by

dX.gubu

c

V

dg

gu
, r5gu

c

V S 2dg

gu
D 1/2. ~50!

To maintain good overlapping with radiation one must lim
dX, r well below the radiation waistw0 and/or the gap size
D. Becauser>dX, the tolerance to thermal spreads is det
mined by the conditionr/D!1. Lettingdg.^g2gu& yields

^g2gu&
gu

!SDV

c D 2 1

2gu
2 . ~51!

where the right-hand side is given by 1.7
3101B2@T# D2@cm#/g u

2. In a FEL, on the other hand, th
sensitivity to beam quality is determined by the ener
spread relative to the trapped particle ‘‘bucket’’ widthDg
5guA2awar ; the tolerated beam energy spreads are limi
by

^g2gu&
Dg

5
^g2gu&

guA2awar
, ~52!

placing stringent energy spread limits in a FEL,

^g2gu&
gu

!A2awar.
1

2Nw
; ~53!

the far right-hand side is valid at optimum FEL efficienc
when the wiggler length approximately equals half t
bounce period of a trapped electron. Comparison betw
Eqs. ~51! and ~53! shows that DEL operation tolerates r
laxed beam quality compared to its FEL counterpart ove
wide parameter range. Also, in a DEL the required be
quality is not affected by the wiggler length as in a FEL.

Saturation in a DEL is caused by the off-axis walk of t
emitting electrons. One can obtain an upper limit in ele
tronic efficiency by counting the maximum number of rad
tion quanta that can be emitted by the same electron. Sin
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GC shiftdX5\v r /eEo accompanies each emission there
Nv.wo/dX photons emitted before the electron moves o
side the radiation envelope. The small signal electronic e
ciency therefore is

h5
Nv\v r

mc2~gu21!
5

eEowo

mc2~gu21!
. ~54!

In terms of the applied dc voltageEo5Vo/2D and defining
the beam voltage aseVb5mc2(gu21), the efficiency for-
mula is recast as

h5
wo

2D

V0

Vb
. ~55!

In a FEL, on the other hand, the electron velocity rec
causes a frequency shiftdv.v r(\v r /gugomc2) from reso-
nance per emission. The total number of photons emi
before the electron shifts outside the resonance w
Dv.v r /2g u

2Nw is Nv5Dv/dv and yields the following up-
per limit:

h5
Nv\v r

mc2~gu21!
.

1

2Nw
. ~56!

According to Eq.~55! the DEL efficiency, determined only
by the ratios of the beam-to-cavity diameter and applied
beam voltage, can be quite high; in fact, it is limited only
the maximum voltage gradient that can be applied betw
the plates. The FEL efficiency, on the other hand, is inh
ently small since the number of wiggler periodsNw must be
large to achieve a significant per-pass gain. The unfavor
inverse relation between per-pass gain and efficiency is
sent in DELs.

High-power DEL operation is examined elsewhere@5# us-
ing the classic equations for the resonant electron respon
is shown there by computing the energy exchange ratej•Er
that the increase in the radiation energy exactly equals
change in the ES energy of the beam ‘‘center of charg
^X&,

GPr5GeeEo^DX&5I bEo^DX&, ~57!

where Ge5I b/e is the electron flux in the beam. Beam
radiation overlapping can be prolonged by the proper tilt
the resonator axis relative to the drift direction. The angle
tilt tan u5^DX&/L is related to the gain~54! by

tanu5
G~Dv,L !Pr

I bEoL
. ~58!

Hence ‘‘tapering’’ in a DEL is controlled simply by the til
angle between the drifting beam and the radiation beam
remarkable DEL feature is that at high-power operati
when ar.aw , the GC excursiondX is unbounded. Unlike
the pendulum-type FEL dynamics@3#, there is no trapped par
ticle island and no ‘‘turning around the bucket’’ for theX
motion. Electrons keep moving along the dc electric fie
converting their potential energy into radiation@5# until they
either shift outside the radiation envelope, hit the wigg
surface, or exit the interaction space.
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Finally, we briefly touch upon another interesting pos
bility, namely, the DEL operation at a higher frequency r
sulting from the relativistic upshifting of the sum of the wig
gler period plus the cyclotron frequency. By allowin
transitions between different cyclotron statesdn571 the
energy-momentum balance gives the new selection rules

6\v r57gu\V̂1eEodX, ~59a!

6\~kr1kw!57gu

\V̂

c

u

c
1mVdX. ~59b!

An increment of electrostatic energy plus a cyclotron os
lation quantum are simultaneously converted into a pho
during emission and vise versa. The drift kinetic energy a
momentum are invariant, thus transition is again accom
nied by a GC shift6D56\~v2V!/eEo . The emitted radia-
tion is centered around

v r5S 11
u

cDgu
2S kwu1

V

gu
2D . ~60!

Everything else being the same, the ‘‘drift-cyclotron’’ fre
quency~60! is higher than the pure-drift DEL, Eq.~21b!, by
a factor 11V/g u

2kwu. The cyclotron emission adds two con
tributions to the gain. One is nonrelativistic, always stabil
ing and symmetric in detuningDv5v r2(kr1kw)u2V/g u

2.
The relativistic contribution is antisymmetric in detuning a
destabilizing whenV/g u

2.v r2(kr1kw)u. Detailed results
of the gain computation will be reported in the near futur
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APPENDIX: FINITE THICKNESS BEAM

Earlier we considered the special case of a narrow be
with a charge distribution of microscopic thicknessd smaller
than the transverse recoil distanceD5dX. To take up the
general case of macroscopic thicknessd@D consider a beam
wave function made by a superposition of drifting eige
states

C~x!5(
q

cXqfn8~x2Xq!e
iqze2 iEn,q8 t/\. ~A1!

A uniform charge densityeuC(x)u25eno results within
Xo2d/2<Xq<Xo1d/2 if the guiding centers are uniformly
distributed inX,

cXq
2 5no /d, ~A2!

provided the Larmor radiusrn5A(2n11)\/V̂ is also much
smaller thand/2. Since cyclotron transitions are inhibited w
assume the same cyclotron rotation numbern for all elec-
trons without loss of generality. Owing to the presence of
beam charge, the dc field and the potential relative to
beam centerXo are
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E~X!52Eo24penoX̄,

eV~X!5eEoX̄1 1
2mvb

2X̄21eVo ~A3!

whereX̄[X2Xo , v b
254pe2no/m is the beam-plasma fre

quency andEo , Vo are the values atXo . The drifting eigen-
statesfn8(x2Xq) and eigenvalues andEn8 are perturbed by
the beam self-potential12mv b

2X̄2. The cyclotron rotation fre-
quency is modified into

V†5V̂A12
vb
2

V25
V

gu
A12

vb
2

V2 ~A4!

and the centerXq of the wave function is drifting at the
modified local drift velocity

u~Xq!5c
E~Xq!

B
5u01

vb
2

V
X̄q , ~A5!

whereuo5cEo/B is the drift velocity at the beam cente
The energy and momentum are given by

En,q8 5gug'8mc22eEoX̄q2
1
2vb

2X̄q
2eVo , ~A6!

Pz85\q5gug'8mu~X̄q!2mVX̄q , ~A7!

g'8 5A112~n11/2!\V†/mc21~eĀw /mc2!2. ~A8!

Notice that, according to Eq.~A5!, gu51/A12u2(X̄q)/c
2

changes with the GC location as

dgu5gu
3bu

vb
2

Vc
dX̄q . ~A9!

Equating the change in the energy~A6! and momentum~A7!
during photon emission or absorption with7\vr and
7\(kr1kw), respectively, yields, usingD[dX̄q ,

6\v r5eE~X̄q!S 2g'8 gu
3

vb
2

V2 11DD1 1
2vb

2~2X̄qD1D2!,

~A10!

6\~kr1kw!5mVS 2g'8 gu
3

vb
2

V2 11DD, ~A11!

where we used Eq.~A9! for dgu . Relation ~A10! yields a
quadratic equation for the recoil

D212BD6C50,

B5H eE~X̄q!S 2g'8 gu
3

vb
2

V2 11D 1mvb
2X̄qJ 1

mvb
2 ,

C5
2\v r

mvb
2 . ~A12!

Solving Eq.~A12! yields the recoil

D652B1AB27C.7
C
2B2

1

2B S C2BD
2

. ~A13!
In the low space charge limit,v b
2/V2!1/g u

3, Eq. ~A13! re-
duces to Eq.~35!.

Taking the ratio between Eqs.~A10! and ~A11! and ne-
glecting the quadratic termD2 eliminatesD and yields the
resonance condition

v r2~kr1kw!u
11~vb

2/Vu!X1g'8 gu
3vb

2/V2

12g'8 gu
3vb

2/V2 50.

~A14!

The peak frequency in the emission or absorption probab
therefore varies with the GC location in the beam due to
shear in the GC velocity,

vo~X!.~kr1kw!u~X!S 11
~vb

2/Vu!X

12g'8 gu
3vb

2/V2D
.~kr1kw!u~X!, ~A15!

where the far-right-hand side is valid forg u
3@1, Vd/u. The

line shape factor for radiative transitions is now a function
both the frequencyvr and the electron GC locationX̄,

U~v r ,X̄!5
sin2j

j2
, ~A16!

where

j~v r ,X̄!5@v r2vo~X̄!#
L

2u
5jo~v r !2~kr1kw!

vb
2

V

L

2u
X̄,

~A17!

and jo5[v r2(kr1kw)uo]L/2uo stands for the detuning a
the beam center. The total emission probability is the sum
the individual emission probabilities over all the GC loc
tions,

W5E
2d/2

d/2

dX̄CX
2@W1~X̄!2W2~X̄!#. ~A18!

TakingW6 from Eq. ~28! yields

FIG. 6. The line shape functionU~j! and its derivativesU8~j!
andU9~j!.
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W12W25
1

\2 H D12D2

2
~A2!81

D1
2 2D2

2

2

3F ~A8!22A2
~n11/2!mV†

\
2AA9~n1 1

2 !2G J
3S LuD

2

U~v r ,X̄!, ~A19!

where, as usual,A(X̄)[awar(mc2/4g'gu)cosh[kw(Xo1X̄)]
and ~8![d/dX̄.

For a beam of widtha in they direction, the electron flux
is given by

anoE
2d/2

d/2

dX̄S uo2 vb
2

V
X̄D 5anouo , ~A20!

thus one can apply the gain formula~36! with surface charge
densitys5enod and Eqs.~A18! and ~A19! for W12W2 .
The contributions from the termsD6

2 disappear in the classi
cal limit \→0. Assuming a beam thickness much smal
than the wiggler wavelengthkwd!1 one can factor out al
terms but the line shape factor outside the integral~A18!,
yielding

G5G0

1

d E
2d/2

d/2

dX̄
U„j~X̄!…

U~jo!
. ~A21!

Above,G0 is the gain that would result for a zero-thickne
beam of the same current placed atX5Xo . Notice that
all the space-charge effects are buried inU„j(X̄)….
By expanding the argumentj(v r ,X̄) according to
Eq. ~A17!, and letting U„j~X̄……5U(jo)1U8(jo)(kr
1kw)Lv b

2/(Vuo)X̄11
2U9(jo)[(kr1kw)Lv b

2/(Vuo)]
2X̄2

and substituting in the rhs of Eq.~A21! yields
v,
r

G5G0H 11
1

6 S vo

V

vb
2Ld

2uo
2 D 2 U9~jo!

U~jo!
J , ~A22!

G05
I b
2I 0

ckw
buV

aw
2

gu
2g'

2

1

~krwo!
2 F12 S 1

aw
2

]aw
2

]~kwXo!
D G

3S krLbu
D 2U~jo!. ~A23!

The functionU9~jo! plotted in Fig. 6 is negative at synchro
nism. Thus, in the wide beam cased@D, r the space charge
contribution to gain is negative~stabilizing! and of order
~s/Eo)

2, instead of the positive~destabilizing! contribution
of orders/Eo for the narrow beam limitd!D, r. The gain
remains symmetric in respect to the frequency detuni
measured relative to the central drift veloci
Dv5v r2(kr1kw)uo , sinceU9~jo! is even injo @the contri-
bution fromU8~jo! that is odd in detuning vanished durin
theX integration over the beam thickness#.

The magnitude of the space-charge coefficient in E
~A22! is better estimated by lettinguo.c5v r /kr wherev r

.vo52guo
2 kwuo, yielding

S vo
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2 D 25~2p!Nwkrd

kwc

V

vb
2

~kwc!2
. ~A24!

Taking the beam thickness equal to the radiation wa
krd52pwo/l r and for wiggler period of 1 cm andkwc/V;1
the coefficient ~A24! is near unity when
v b

2;4c2/(Nwwo/l r). For typicalNw;102, wo/l r510 fol-
lows no;63108 cm23 which corresponds to current densi
Jb.enoc;2.88 A/cm2.
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